Abstract. The Description Logics underpinning OWL impose a well-known syntactic restriction in order to preserve decidability: they do not allow to use nonsimple roles-that is, transitive roles or their super-roles-in number restrictions. When modeling composite objects, for example in bio-medical ontologies, this restriction can pose problems. Therefore, we take a closer look at the problem of counting over non-simple roles. On the one hand, we sharpen the known undecidability results and demonstrate that: (i) for DLs with inverse roles, counting over non-simple roles leads to undecidability even when there is only one role in the language; (ii) for DLs without inverses, two transitive and an arbitrary role are sufficient for undecidability. On the other hand, we demonstrate that counting over non-simple roles does not compromise decidability in the absence of inverse roles provided that certain restrictions on role inclusion axioms are satisfied.
Introduction
Recently, Description Logics (DLs) [1] have attracted increasing attention, partially due to their usage as logical underpinning of ontology languages such as OIL, DAML+OIL, and OWL 1 [5] . All these languages are based on DLs of the SHQ family, which are decidable fragments of first order logic and close relatives of modal logics. In DLs, unary predicates/propositional variables are usually called concepts, binary predicates/modal parameters are called roles and, in a nutshell, SHQ extends ALC (a notational variant of multi-modal K) with transitivity and role inclusion axioms and with number restrictions: these are concepts of the form ( n R.C) for n a non-negative integer, R a role, and C a possibly complex concept. Number restrictions are heavily used to define concepts, e.g., the following expression makes use of standard DL notation to define the concept Human as featherless bipeds: Human = Mammal ∀hasPart.¬Feather ( 2 hasPart.Leg) ( 2 hasPart.Leg)
We find numerous more convincing yet less readable such applications of number restrictions in bio-informatics and medical applications, e.g., they are used to restrict the number of certain components of proteins [8] .
Other heavily used features are the above mentioned transitivity and role inclusion axioms. They allow to express, e.g., that hasPart must be interpreted as a transitive relation (which is closely related to the modal logic K4) and that hasComponent implies hasPart.
Now ontology design and maintenance is a non-trivial task, especially since ontologies can be quite large: e.g., SNOMED and the National Cancer Institute ontology have over 300,000 resp. 17,000 defined concepts. In order to check for consistency and compute the (implicit) concept hierarchy w.r.t. the subsumption relationship, ontology editors make use of DL reasoners 2 which implement decision procedures for concept satisfiability and subsumption w.r.t. DL axioms. For this to be possible, i.e., for these reasoning problems to be decidable for SHQ, their designer had to impose a syntactic restriction: in number restrictions, one can neither use transitive roles nor super-roles of transitive roles, i.e., number restrictions can only be used on simple roles. For example, if we want to make use of our definition of Human, we have to either refrain from making hasPart a transitive role or use, e.g., a (non-transitive) subrole such as hasComp of hasPart in its number restrictions. Both options are sub-optimal since they result in the loss of other, useful consequences. For the first option, e.g., we could add the following definition of HumanBird without causing a (useful) inconsistency:
For the second option, e.g., we could add the following definition of 3LHuman without causing an inconsistency (please note that here we use twice the sub-role hasComp of hasPart and only once hasPart):
∃hasPart.(Leg ¬Right ¬Left).
In [6] , it is shown that satisfiability of concepts in SHQ (even in its sublogic SHN ) is undecidable if non-simple roles (i.e., transitive roles or their super-roles) are used in number restrictions. In this paper, we explore this area more thoroughly with the goal of finding a more expressive but still decidable DL where we can use non-simple roles in number restrictions. Our contributions are two-fold: on the one hand, we sharpen the above undecidability result and demonstrate that: (i) for DLs such as SHIN (which extends SHN with inverse roles), counting over non-simple roles leads to undecidability even with only one role in the language; (ii) for DLs without inverses such as SHN , two transitive and a third role are sufficient for undecidability. On the other hand, we demonstrate that, in the absence of inverse roles, counting over non-simple roles does not compromise decidability provided that they satisfy certain other restrictions regarding role inclusion axioms. Roughly speaking, as long as any two transitive roles are either completely unrelated w.r.t. inclusion or one of them implies the other, we can use them in number restrictions without losing decidability. We believe that the latter result will turn out to be useful in practice since it allows, for example, to capture a transitive role hasPart alongside other, possibly transitive roles such as hasComp or hasSegment and to use them all in number restrictions-as long as any two of these transitive roles are related by a (bi)-implication.
Preliminaries and Known Results
The vocabulary of a DL consists of disjoint infinite sets of concept names CN, role names RN, and individual names IN. A role is an expression of the form r or r − , where r is a role name. For convenience, we introduce a syntactic operator defined on roles: Inv(R) := r − , if R is a role name r; and Inv(R) := r, if R = r − for some role name r. Finally, we use Card(M ) for the cardinality of a set M .
Definition 1 (RBox).
An RBox R is a finite collection of transitivity axioms of the form Tr(R) and role inclusion axioms of the form R S, where R, S are roles.
An interpretation I = (∆ I , · I ) consists of a non-empty set ∆ I , its domain, and an interpretation function · I that maps each role name r ∈ RN to a binary relation r I ⊆ ∆ I × ∆ I ; I is finite if the domain of I is finite. We define (r − ) I := { x, y | y, x ∈ r I }. We define whether I satisfies an axiom α, written I |= α as follows: I |= Tr(R) iff R I is transitive, and I |= R S iff R I ⊆ S I . An interpretation satisfying all axioms in R is called a model of R. An RBox R entails an axiom α, written R |= α, if all models of R satisfy α.
The deductive closure [R] of R is the minimal set that contains R and axioms R R, for all roles R in R, and that is closed under the following rules:
We write R α as an alternative notation for α ∈ [R], where α is an RBox axiom.
Definition 2. The set of concepts in DL ALCIQ is defined by the grammar:
where A ∈ CN, C, D ∈ C, R and S are roles, and n is a non-negative integer.
The interpretation function · I maps, additionally, each concept name C ∈ CN to a subset C I ⊆ ∆ I , and · I is extended to complex concepts inductively as follows:
For C and D ALCIQ concepts, C D is a general concept inclusion (GCI), and a finite set of GCIs is called a TBox.
An interpretation is a model of a TBox if it satisfies all its axioms. If a interpretation I is a model of an RBox R and a TBox T , then we say that I is a model of R, T , or R, T is satisfiable. A concept C is satisfiable w.r.t. R, T if there exists a model I of R, T such that C I = ∅.
As usual, the concept expressions , C 1 C 2 , ∀R.C and n S.C are assumed to be abbreviations for ¬⊥, ¬(¬C 1 ¬C 2 ), ¬(∃R.¬C) and ¬( (n − 1) S.¬C) respectively. Concepts of ALCIQ that do not use number restrictions ( n R.C), or inverse roles, or both, will be called ALCI-, ALCQ-, and ALC concepts, resp. The letter N in the name of a DL indicates that this DL supports only number restrictions of the form ( n R. ).
Please note that, so far, we have introduced RBoxes and ALCIQ TBoxes separately, i.e., we did not put them into a single logic, which is slightly unusual. Recall that in [6] a role S is called simple w.r.t. R if there is no transitive subrole of S in R. Traditionally, the DL that allows for -an RBox without inverse roles and an ALCQ TBox where all roles in number restrictions are simple is called SHQ, and -an RBox and an ALCIQ TBox where all roles in number restrictions are simple is called SHIQ.
For SHIQ and related DLs, roles in number restrictions are restricted to simple ones to ensure decidability of concept satisfiability w.r.t. a TBox and an RBox: in SHN (and hence SHIQ), non-simple roles in number restrictions lead to the undecidability of the satisfiability problem [6] . Our aim is to find conditions under which we can relax or even get rid of this restriction to simple roles in number restrictions while preserving decidability. This aim can be achieved by extending the notion of a simple role in such a way that it covers, besides roles that are usually called simple, also some transitive roles or their super-roles. In this paper, we focus on a sub-problem, namely, we are looking for conditions on an RBox under which one can use all its roles in number restrictions and still have a decidable logic. Therefore, we introduce the following notion.
Definition 3. Let L be a logic between ALC and ALCIQ and R an RBox. The problem of L(R)-satisfiability is to determine, given an L-concept C and an L-TBox T , whether C is satisfiable w.r.t. R, T . We say that an RBox R is L-safe (or safe for L) if L(R)-satisfiability is decidable, and L-unsafe otherwise.
Any RBox is ALCI-safe because (i) neither ALCI nor SHI support number restrictions, and (ii) since a concept C and a TBox T are ALCI(R)-satisfiable iff C is satisfiable w.r.t. R, T , we have that ALCI(R) satisfiability can be viewed as the standard SHI satisfiability problem which is known to be decidable [6] . With a similar argument, any RBox R without transitivity axioms is ALCIQ-safe because (i) all roles are simple in this case, and (ii) ALCIQ(R)-satisfiability can be viewed as the standard SHIQ satisfiability problem which is known to be decidable [6] . There are numerous other restrictions on the syntax that could possibly lead to decidability, for example to use only number restrictions of the form ( 1 R).
At the same time, we know from [6] that the following RBox Star 4 (with eight roles, of which four are transitive) is ALCN -unsafe:
In what follows, we show that -there is a large class of RBoxes involving role inclusions and transitivity axioms that are ALCQ-safe (Theorem 4), -there exists an ALCIN -unsafe RBox with only one transitive role (Theorem 2), -there exist ALCN -unsafe RBoxes involving only three roles (Theorem 1).
Many proofs in this paper are rather sketchy or completely omitted; all the details however can be found in the accompanying technical report [7] . 
Undecidability Results
Here we show that three roles are sufficient for building an unsafe RBox for ALCQ, whereas for ALCIQ, even one role is sufficient for that. In order to provide a geometric intuition for our results, we depict RBoxes (without inverse roles) as directed graphs whose nodes are non-transitive ( ) and transitive (⊕) roles and arrows represent implications between roles. Our plan is as follows. First, in Theorem 1 we show that the RBoxes R ∨ , R ⊕ ∨ , and R ∧ shown in Fig. 1 are ALCQ-unsafe; we give only a sketch of the proof to illustrate the idea. Our conjecture is that the fourth RBox R ⊕ ∧ in Fig. 1 is ALCQ-safe. Next, we formulate a more general result (Theorem 2) that the RBoxes depictured in Fig. 3 are also ALCQ-unsafe (its fully detailed proof is given in the accompanying technical report [7] ). Finally, in Theorem 3 we demonstrate that the RBox {Tr(r)} is ALCIQ-unsafe. We obtain the undecidability results by reduction from the undecidable domino problem (see, e.g., [3] ).
Definition 4 (Domino).
A domino system is a triple D = D, H, V , where D = {d 1 , . . . , d n } is a finite set of tile types and H, V ⊆ D × D are horizontal and vertical matching relations. We say that D tiles N×N if there exists a D-tiling, i.e., a mapping τ : N×N → D such that, for all i, j ∈ N, the following compatibility conditions hold:
The domino problem is to check, given a domino system D, whether D tiles N×N.
Our proofs follow the usual pattern: in order to show L-unsafety of some RBox R, we first build an L-TBox T grid that, together with R "encodes", the N×N grid. Then, given a domino system D, we build (efficiently) an ALC-TBox T D that "tiles" the grid and "ensures" the compatibility conditions. Finally, we prove that D tiles N×N iff some concept (usually a concept name) C is satisfiable w.r.t. R ∪ T grid ∪ T D . We give finegrained formulations of results by indicating, as a subscript to the name of a logic, the maximal number n occurring in number restrictions ( n R.C) in the proof. . Then we show that there exist (not necessarily distinct) elements a ij ∈ ∆ I , for all i, j ∈ N, that are linked with t 0 -and t 1 -edges as in Fig. 2a . After that, we "read-off" a D-tiling of N×N.
Since I satisfies axiom (b), we can find in I a "pre-grid" with the root a 00 , i.e., elements a ij , b ij , c ij linked with t 0 -and t 1 -edges as shown in Fig. 2d . Axioms (c) allow to "glue" double edges, i.e., entail that b 10 = a 10 and b 01 = a 01 . Now, with the help of axioms (d), we "glue" cells, i.e., infer that c 11 = a 11 , c 12 = a 12 , and c 21 = a 21 . Thus, using axioms from T Q grid , we have found in I a structure depicted in Fig. 2c . In T N grid , axiom (d') applied to the element a 00 , together with the fact that all A I ij are disjoint, entail all the above equalities and hence ensure the existence of the same structure Fig. 2c in I. After that, we repeat the same argument, starting at the root a ij with i + j = 2, then with j + i = 4 and so on.
Once we have built all the elements a ij , for i, j ∈ N we define τ :
k . By (e) and (f), τ is well-defined and total; and the compatibility conditions easily follow from (g) and (h). Thus τ is indeed a D-tiling of N×N. This completes the proof of Lemma 1.1 and hence of Theorem 1.
In order to generalise Theorem 1, we introduce the following RBoxes, depicted in Fig. 3 , where n 1 (observe that R 1 ∧ and R 1 ∨ correspond to R ∧ and R ∨ , resp.): Given a domino system D, we build a ALC-TBox T D : axioms (e) and (f) are the same as in the proof of Theorem 1, whereas (g) is the following (and (h) is analogous): . Then we show that in I there are (not necessarily distinct) elements a ij , i, j ∈ Z, linked via r-edges as shown in Fig. 4a , and then build a D-tiling of Z×Z. The steps of building elements a ij are illustrated in Fig. 4(b-d) ; we omit the details, which can be found in the technical report [7] .
Internalization of RBoxes in TBoxes Using Extended Roles
In order to study safety of RBoxes for different DLs, it is somewhat inconvenient to work separately with RBoxes and TBoxes. Therefore, in this section, we demonstrate how RBoxes can be internalized into TBoxes, provided additional role constructorsrole unions and transitive closure operator-can be used. We also demonstrate that it is sufficient to focus only on TBoxes of some simple form. The results of this section can be applied to any logic L between ALC and ALCIQ.
Definition 5. We say that an L-TBox T is in a simple form if all axioms in T have the following forms, where A (i) , B (j) are concept names, m, n integers, and S a role:
Lemma 1 (Simplification of L-TBoxes). Given an L-TBox T , one can construct in polynomial time an L-TBox T sf in simple form such that, for every RBox R, T , R is (finitely) satisfiable iff R, T sf is (finitely) satisfiable.
Definition 6. The set of extended roles R ,+ is defined by the following grammar:
where R is a role and ρ (i) ∈ R ,+ .
The additional role constructors are interpreted as follows:
+ , where (·) ∪ (·) and (·) + are usual operators of union and transitive closure on binary relations. Concepts of L( , +) are defined as for L except that extended roles can be used in place of roles.
Our goal is to demonstrate that every RBox can be internalized in a simple L-TBox producing an L( , +)-TBox of a certain simple form:
Definition 7 (Simple L( , +)-TBox). We say that an L( , +)-TBox T is simple if every axiom from T is either of the form (1), (2), or:
where A (i) , B (j) are concept names, m, n integers, and u i and v are disjunctions of roles: u i , v = R i . For a simple TBox T , we denote by K(T ) the number of axioms of type (4) in T , by N (T ) and M (T ) the sum of all numbers n, resp. m, over all axioms of type (2), resp. (4), by C(T ) the number of concept names in T .
Definition 8 (R-extension).
Given an RBox R, an extension of a role S in R (or the R-extension of S, for short) is an extended role R(S) ∈ R ,+ defined as follows:
where {S i } is the set of all subroles of S in R (including S itself); -If S is not transitive, then R(S) := R(T i ) S j , where {T i } is exactly the set of all maximal transitive subroles of S, and {S j } is the set of all subroles of S. Lemma 2. Let R be an RBox and T a simple L-TBox. Then R, T is satisfiable iff R(T ) is satisfiable.
Decidability Results
As we have demonstrated in Theorem 3, an RBox consisting of just one transitivity axiom is already unsafe for ALCIN . Hence, there is a little room left for non-trivial safe RBoxes for ALCIN . In contrast, the undecidability results in Section 3 for ALCN require a certain interaction between several transitive roles. This poses a question about safety of those RBoxes that do not fit such a pattern. In this section, we investigate this question and define a relatively large class of so-called admissible RBoxes that, as we will prove, are safe for ALCQ. Since we focus on ALCQ, within this section we assume that there are no inverse roles in RBoxes.
Definition 10. For a TBox T , RBox R, or an axiom α, let RN(T ), RN(T ), RN(α) denote the set of role names that occur in T , R, α, respectively. An RBox R is strongly admissible if, for every two transitive roles T 1 , T 2 ∈ RN(R), we have R T 1 T 2 or R T 2 T 1 . An RBox R is admissible if R = R i where (1) each R i is strongly admissible and (2) RN(R i ) ∩ RN(R j ) = ∅ for all i = j.
In the remainder of this section, we prove the following Theorem: Theorem 4. Every admissible RBox is ALCQ-safe. Note 1. For R = {Tr(r)}, this result corresponds to the decidability of the graded variant of the modal logic K4 (called GrK4), which has already been addressed in [4] . However, we found that the proof in that paper is incorrect (see [7] for details). Therefore, here we re-establish decidability of GrK4 as a special case of Theorem 4.
First of all, we demonstrate that, for the purpose of proving safety, it is sufficient to focus only on strongly admissible RBoxes.
Lemma 3 (Modularity). Let R 1 and R 2 be RBoxes with RN(R 1 ) ∩ RN(R 2 ) = ∅ and L is between ALC and ALCIQ. Then R 1 ∪ R 2 is L-safe iff R 1 and R 2 are L-safe.
Proof. The '⇒' part of the lemma is obvious. The '⇐' part of the lemma follows from the results about fusions of DLs from [2] . See [7] for details. Corollary 1. Let L be a logic between ALC and ALCIQ. Then every admissible RBox is L-safe provided every strongly admissible RBox is L-safe.
In order to prove that every strongly admissible RBox R is safe, it is sufficient to show that the problem of satisfiability of a pair R, T , with T an L-TBox, is decidable. Indeed, a concept C is satisfiable w.r.t. T and R iff the pair R, T ∪ { ∃R.C} is satisfiable, where R is a fresh role. To this end, we first simplify the TBox T using Proposition 1 and then internalize RBox R using Definition 9, which will result in some L( , +)-TBox of a restricted form, which we call admissible. We then demonstrate that satisfiability of admissible L( , +)-TBoxes is decidable.
In what follows, for convenience, we often identify an extended role u = R i with the set {R i }. Using this convention, we can write r ∈ u or u ⊆ u for disjunction of roles u and u , as well as u I for sets of roles u.
Definition 11. A simple L( , +) TBox T is admissible if (i) all axioms of form (4) are of the forms (5) and (6) v 2 ).B 2 of form (6), we have that either u 1 ⊆ u 2 , or u 2 ⊆ u 1 .
A m (v).B (5)
In other words, a simple L( , +)-TBox is admissible if in every axiom of form (4) there is at most one occurrence of a transitively closed disjunction of roles. The condition (ii) from Definition 11 can be alternatively formulated as follows: Proposition 1. Let T be a simple admissible L( , +)-TBox. Then all roles in T can be ordered as r 1 , . . . , r n in such a way that for every axiom A m (u + v).B of type (6) and every 1 i j n, we have that r j ∈ u implies r i ∈ u. We prove that satisfiability of simple admissible L( , +)-TBoxes is decidable by demonstrating the finite model property (FMP) for such TBoxes. The key property that will guarantee FMP is that, in every model of a simple admissible TBox, it is possible to "loop back" every sufficiently long chain of elements connected via roles. This idea is reminiscent to blocking conditions in tableau decision procedures for modal and description logics [6] . The next lemma states that every model of a simple L( , +) TBox can be reduced to a model with bounded branching degree by removing edges that are not "required" by axioms of type (2). In other words, if y has a u + predecessor in which A holds, δ
